
Equation of State for Free Energy of Homogeneous Nucleation in

Supersaturated Lennard-Jones Vapor Phase Derived by Monte Carlo

Simulations

Yuri Yamada and Yosuke Kataoka�

Department of Materials Chemistry, College of Engineering, Hosei University,

3-7-2 Kajino-cho, Koganei, Tokyo 184-8584

(Received November 21, 2002)

We estimated the free energy of homogeneous nucleation in supersaturated Lennard-Jones vapor phase by using
Monte Carlo simulations. The nucleation free energy of an N-particle cluster is obtained as the difference between the
free energies of the cluster phase and the monomer phase in an N-particle system. In the previous papers, we estimated
the Helmholtz free energy of the nucleation by MC calculations under a fixed volume per particle, V=N ¼ 43:2 �3, and
the equation of state of the nucleation energy as a function of cluster size and temperature. In this study, we carried out
some additional MC calculations under different volumes per particle and took into consideration the pressure to
estimate the Gibbs free energy of the nucleation. Then we established the equations of state of the Helmholtz and
Gibbs free energies of nucleation as a function of cluster size, temperature, and volume or pressure.

Homogeneous nucleation in supersaturated phase plays an
important role as the starting point of phase transition. The
critical nucleus, a diverging point for whether the generated
cluster should grow or collapse, has been studied as to size and
formation energy by various approaches.1{7 In our previous
papers,8;9 we suggested a technique that estimates the Helm-
holtz free energy of homogeneous nucleation in supersaturated
Lennard-Jones vapor phase by using Monte Carlo (MC) simu-
lations under a fixed density, and we approximated the nuclea-
tion energy as an equation of state (EOS) that depends on the
number of cluster particles and the temperature. In this study,
we give the density dependence in the EOS with the results of
new MC simulations for some additional volumes per particle.
Moreover, we arrange the EOS to estimate the Gibbs free en-
ergy of the nucleation by taking into consideration the contri-
bution of pressure.

Our model treats the N-particle nucleation as a phase tran-
sition between the cluster phase and the monomer phase in the
N-particle system.8;9 The former is a state in which all parti-
cles of the system construct a unified cluster, and the latter is a
state in which all particles scatter as a supersaturated vapor.
When the Helmholtz free energies of each phase for given
numbers of particles N, volumes V , and temperatures T are
obtained independently, the nucleation energy �AðN;T ;VÞ
can be estimated as:

�AðN; T ;VÞ ¼ Ae
cðN;T ;VÞ � Ae

mðN;T ;VÞ: ð1Þ

Here Ae
c and Ae

m are the interaction terms of the Helmholtz free
energies of the cluster and monomer phases respectively. The
interaction term of Helmholtz free energy AeðN; T ;VÞ is esti-
mated as:10

AeðN;T ;VÞ ¼ UeðN; T ;VÞ � TSeðN; T ;VÞ; ð2Þ

SeðN;T ;VÞ ¼
Z T

T0

ð@Ue=@TÞNV
T

dT þ SeðN; T0;VÞ: ð3Þ

Here Ue is an averaged interaction energy of the system at
each temperature. The interaction term of entropy Se is esti-
mated by the thermodynamic integration as the difference from
the entropy at an origin temperature of T0. Equations 1–3 treat
only the interaction terms while neglecting the ideal gas terms.
The ideal gas terms of the Helmholtz free energy on (N; T ;V)
domain are constant irrespective of the configuration of the
system; therefore the ideal gas terms are canceled by the sub-
traction of Eq. 1.

On the other hand, the Gibbs free energy is sum of the
Helmholtz free energy and the pressure term:

G ¼ Aþ PV : ð4Þ

The Gibbs free energy of the nucleation should be obtained
under constant pressure as

�GðN; T ;PÞ ¼ GcðN; T ;PÞ � GmðN;T ;PÞ

¼ GcðN; T ;VcÞ � GmðN; T ;VmÞ; ð5Þ

where Vc and Vm are volumes of the cluster and monomer
phases that present an identical pressure P. In this equation,
the ideal gas terms of the each phase are not canceled because
the ideal gas term of the Gibbs free energy depends on volume.
Accordingly, to obtain the �G on (N; T ;P) domain, the ideal
gas terms Gid

c and Gid
m should be taken into account as
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�GðN;T ;PÞ ¼ fGid
c ðN; T ;VcÞ þ Ge

cðN;T ;VcÞg

� fGid
mðN; T ;VmÞ þ Ge

mðN; T ;VmÞg: ð6Þ

Monte Carlo Simulation

The simulation procedure is explained here. We applied
Lennard-Jones (LJ) 12-6 type function for two-body interac-
tion, and used the LJ parameters for reduced units of length �,
energy "; temperature "=k, with k being the Boltzmann con-
stant; volume �3; pressure "=�3. The first stage of the simu-
lation is the cluster stabilization process. The distorted face-
centered cubic lattice was prepared as an initial config-
uration.8;9 Starting with the initial lattice, the system was
cooled from 0.20 to 0.01 "=k by 0.01 "=k steps, where at least
N million MC trial movements were performed for equilibra-
tion and statistics at each temperature. A stabilized cluster is
obtained in this stage. Two ways of MC calculations were
performed from the stabilized cluster: namely, phase transition
calculation and cluster phase calculation. In the phase transi-
tion calculation, the system was heated from 0.01 to 1.00 "=k.
The cluster collapsed and evaporated to the monomer phase at
a certain temperature that depends on the number of particles.
The temperature interval was 0.01 "=k, and we performed N

million MC trials for equilibration and statistics at each
temperature. On the other hand, in the cluster phase calcula-
tion, the cluster evaporation was prohibited even if the system
was heated as in the phase transition calculation. After each
MC movement, the new configuration is judged depending on
whether all particles of the system belong to a cluster. The
movement is canceled if the new configuration is not regarded
as a cluster. We applied Stillinger’s cluster criterion as the
cluster decision: two particles are regarded to connect if their
center-center distance is less than a threshold value, and the
system configuration is regarded as the cluster phase if all the
particles of the system are mutually connected.11 We decided
the threshold distance as 1.5 �, that corresponds to the first
minimum of the pair correlation function of the stabilized
cluster. The superheated cluster is observed above the evap-
oration temperature.8;9 In this manner, we performed the
simulations for 128 states: V=N ¼ 30, 43.2, 90, 240, and
1000 �3, and N ¼ 2{80. Figure 1 shows the simulated states
concretely.

Equation of State

Monomer Phase. In the previous study, we confirmed that
the interaction energy and the interaction entropy of the mono-
mer phase do not depend on temperature. Thus these values
can be assumed as the equilibrated values of the evaporated
monomer phase in the phase transition calculation. A similar
assumption can be adopted for pressure. Figure 2 shows the
temperature dependence of an interaction term of pressure,
Pe ¼ P� NkT=V , in the phase transition calculation. Since
the Pe levels off against temperature after the evaporation, we
assume the equilibrated value into the Pe of the monomer
phase.

On the assumption of the uniform distribution of particles in
the monomer phase, the interaction energy per particle can be
explained as

Ue
m

N
¼ 4��

Z
�ðrÞr2dr; ð7Þ

where � ¼ N=V is the number density of the system. Accord-
ingly, the interaction energy is predicted to be in proportion to

Fig. 1. Map of the simulated states in (N;V=N) plane.

Fig. 2. Temperature dependence of the interaction term of
pressure of the phase transition calculation at V=N ¼ 90

�3. The curves leveled off after decomposition of the
cluster.

Fig. 3. The product of the interaction energy per particle of
the monomer phase and the volume per particle. The
circles, triangles, squares, diamonds and crosses show
the MC result. The solid curve shows the result of the
least-squares fitting by Eq. 12.
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the density. The product of the interaction energy per particle
of the monomer phase and V=N on each density is plotted in
Fig. 3. Secondly, the ideal gas equation of state obtains the
entropy change of isothermal expansion�Sexp from volume V0

to V as

�Sexp ¼ Nk lnðV=V0Þ: ð8Þ

Here, when we set a standard value as V0=N ¼ 1:0 �3, the
expansion entropy is explained as

�Sexp ¼ Nk lnðV=N�3Þ; ð9Þ

then the interaction entropy of the monomer phase at V=N is
predicted as a function of N and V=N,

SemðN;V=NÞ ¼ SemðN;V0=NÞ þ Nk lnðV=N�3Þ: ð10Þ

Figure 4 shows the values that result when k lnðV=N�3Þ is
subtracted from the interaction entropy per particle of the
monomer phase for each density. Lastly, we consider the
van der Waals equation to predict the V=N dependence of
pressure of the monomer phase. That is,

P ¼
NkT

V � Nb
� a�2; ð11Þ

where a and b are the van der Waals coefficients. The first
term indicates the ideal gas term and a repulsive part of the
interaction term, and the second term is an attractive part. In
the monomer phase, the interaction is almost occupied by the
attractive part because the particles are scattered in the system.
That is to say, the interaction term of pressure is predicted to
be in proportion to the square of �. The product of the inter-
action term of the pressure of the monomer phase and the
square of the volume per particle is plotted in Fig. 5.

On the basis of the above considerations, we defined ap-
proximated functions for the interaction energy, the interaction
terms of entropy, and pressure of the monomer phase. The
functions were designed as the power series:12;13

Ue
m

N
¼

X2
i¼0

aiN
�i

( ),
ðV=NÞ; ð12Þ

Sem
N

¼
X2
i¼0

biN
�i

( )
þ k lnðV=NÞ; ð13Þ

Pe
mV

N
¼

X2
i¼0

ciN
�i

( ),
ðV=NÞ: ð14Þ

The pressure term was treated as Pe
mV per particle to coordi-

nate with Ue
m and Sem. The coefficients ai, bi, and ci were

obtained respectively by least-squares fittings. Table 1 and
Figs. 3–5 show the fitting results, the coefficients and the fitted
curves. When we decide the relative deviation of the thermo-
dynamic property X to be

�0X ¼
h½�X�2i1=2

hX2i1=2
; ð15Þ

then �0ðUe
m=NÞ ¼ 0:0169, �0ðSem=NÞ ¼ 0:0304, �0ðPe

mV=NÞ ¼
0:00822.

Cluster Phase. The density dependence of Ue
c , S

e
c, and P

e
cV

of the cluster phase is mentioned below. In the cluster phase
calculation, all particles of the system were restricted through
high temperature to keep a unity cluster by Stillinger’s cluster
criterion. Now, the criterion focuses only on the interparticle
distance, so the shape of the cluster is not considered.5;14

Therefore, if the configuration satisfies only the criterion of
the interparticle distance, the configuration is permitted as a
cluster even though the configuration is collapsed and stretch-
ed by heating, like Fig. 6. The stretched clusters appear
frequently when the number of particle becomes larger or
the density smaller. On the contrary, we found in our simula-

Fig. 4. The interaction term of entropy of the monomer
phase is converted into the standard value of V0=N ¼
1:0 �3. The solid curve shows the result of the least-
squares fitting by Eq. 13.

Fig. 5. The product of Pe
m and ðV=NÞ2 vs N plots. The solid

curve shows the result of the least-squares fitting by Eq.
14.

Table 1. Results of Least-squares Fittings for the Monomer
Phase, ai, bi, and ci

i ai bi ci

0 �1.045E+01 1.190E+01 �5.371E+00
1 1.263E+01 �4.677E+01 5.357E+00
2 �2.257E+00 3.993E+01 �1.150E+00

E+01 means 101.
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tions a tendency that the cluster keeps the spherical shape
through the high-temperature under the specific numbers of
particles; N ¼ 27, 32, 34, and 64. We surmise that it is similar
to a Magic Number for clusters: i.e., the specific number of
particles that can form a rather stable cluster.15 An example of
the stable configuration of 64-particle cluster at 1.00 "=k is
shown in Fig. 7.

In our model, the cluster phase contains an N-particle clus-
ter and no vapor phase particles in the surroundings of the
cluster. Since the system has no interaction between cluster-
vapor or cluster-cluster, if the shape of cluster was similarly
spherical, there would be no dependence on the system density
in Ue

c , S
e
c, and Pe

cV; such examples of the 27-particle system
are shown in Figs. 8a and 9. However, the stretched cluster
has disagreements in Ue

c , S
e
c, and Pe

cV with the spherical clus-
ter; an example of the 47-particle system is shown in Fig. 8b.

The interaction entropy of the cluster phase is obtained by
the thermodynamic integration of the interaction energy as
Eq. 3. Therefore, the interaction energy and the interaction
entropy should be approximated essentially by one function for
the interaction energy. However, in the previous study, we
were obliged to approximate the interaction energy and the
interaction entropy separately. The dispersion of the interac-
tion energy that was due to the appearance of the stretched
cluster caused the approximation by one function to be
unsuccessful. Accordingly, in this study, we remove the
stretched clusters from the subjects of the approximation and
attempt to approximate the Ue

c and Sec as one function. The
approximated functions for the Ue

c and the Pe
cV term of the

cluster phase are power series of temperature and number of
particles:12;13

Ue
c

NT
¼

X
m

X
n

famnNmTng;

ðm ¼ �3;�2;�1; 0; 1; 2; n ¼ �1; 0; 1; 2; 3; 4Þ
ð16Þ

Pe
cV

N
¼

X
p

X
q

fbpqNpTqg:

ðp ¼ �3;�2;�1; 0; q ¼ 0; 1; 2; 3; 4Þ
ð17Þ

The approximation of Eq. 16 is performed as (Ue
c=NT) for the

Fig. 6. An example snapshot of the stretched cluster on the
cluster phase calculation: N ¼ 50, V=N ¼ 1000 �3, and
T ¼ 1:00 "=k. This configuration satisfies the Stillinger’s
cluster criterion.

Fig. 7. An example snapshot of the stable spherical cluster
on the cluster phase calculation: N ¼ 64, V=N ¼ 90 �3,
and T ¼ 1:00 "=k.

Fig. 8. Density dependence of the interaction energy and
the interaction entropy of the cluster phase. The 27-par-
ticle systems (a) obtain spherical cluster phases on each
volume per particle, so there is no dependence on the
density. However, in the 47-particle systems (b), the Ue

c

and Sec have disagreement at high temperature because the
stretched cluster is obtained in V=N ¼ 90 �3.

Fig. 9. Density dependence of the Pe
cV term of 27-particle

system of the cluster phase. Similar to Fig. 8(a), there is
no dependence on the density.
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purpose of fitting accuracy. After the least squares fittings, we
obtained the coefficients amn and bpq as shown in Table 2 and
the curves as shown in Figs. 10 and 11. The relative devia-
tions are �0ðUe

c=NTÞ ¼ 0:0190 and �0ðPe
cV=NÞ ¼ 0:0327. In-

cidentally, the relative deviations of the interaction entropy,
and of the interaction terms of Helmholtz and Gibbs free en-
ergy of the cluster phase are �0ðSec=TÞ ¼ 0:0547, �0ðAe

c=TÞ ¼
0:0357, and �0ðGe

c=NÞ ¼ 0:0343.
Nucleation Energy. Helmholtz free energy of nucleation

�A on (N;T ;V) domain is obtained by Eq. 1. In Fig. 12, we
compare the �A obtained from the EOS and the results of MC
simulations. Figure 13 shows the critical values, the size N�

A

and the nucleation energy �A�, that are obtained from the
maximum of a nucleation energy curve like Fig. 12. On the
other hand, as we mentioned above, the Gibbs free energy of
the nucleation should be obtained under constant pressure and
the ideal gas term should be included in the process of obtain-
ing �G, like Eq. 6. To make a relationship between the sim-
ulation results and the ideal gas, we assumed that the ther-
modynamic properties of the monomer phase resemble those
of the ideal gas. We obtain the �G on (N; T ;P) domain with
the following procedure.

An interaction term of the Helmholtz free energy of the
monomer phase can be obtained by the density integration of
the compressibility factor at each number of particles as

ZA
e
m:

13

�ZA
e
m

N
¼

Z �

0

�P

�
� 1

� �
1

�
d�; � ¼

1

kT
: ð18Þ
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Fig. 10. Fitting results of the cluster phase; (a) the interac-
tion energy, and (b) the product of the interaction term of
pressure and volume. Circles, triangles, and squares are
the MC results while the curves are the EOS. Care should
be taken that the approximated functions for the cluster
phase, Eqs. 16 and 17, have no dependence on the volume
per particle.
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From the relation of ð�P=�� 1Þ ¼ �Pe
m=� and the approxi-

mated function for the Pe
mV of Eq. 14,

ZA
e
mðN;VmÞ
N

¼
X2
i¼0

ciN
�i

( ),
ðVm=NÞ: ð19Þ

This re-estimates the interaction term of Gibbs free energy of
the monomer phase Ge

mðN;T ;VmÞ. On the other hand, the
interaction term of the Gibbs free energy of the cluster phase,
Ge

cðN; T ;VcÞ, is obtained as

Ge
cðN;Vc; TÞ ¼ Ue

c ðN;TÞ

� TSecðN;Vc;TÞ þ Pe
cVcðN;TÞ; ð20Þ

SecðN;Vc;TÞ ¼ ZS
e
mðN;Vc; TÞ þ EOS�SeðN;Vc; TÞ

¼ EOSU
e
mðN;VcÞ � ZA

e
mðN;VcÞ

T

þ fEOSSecðN; TÞ � EOSS
e
mðN;VcÞg: ð21Þ

Here, we obtain the interaction entropy of the cluster phase
SecðN;T ;VcÞ as a sum of the interaction entropy of the mono-
mer phase and the entropy change between the cluster and
monomer phases: the former ZS

e
m is estimated from the com-

pressibility factor in Eq. 19, and the latter EOS�Se is estimated
from the approximated functions in Eqs. 13, 16, and 3. The

ideal gas term of the Gibbs free energy Gid is defined by the
statistical thermodynamics as:

Fig. 12. Helmholtz free energy of the homogeneous nu-
cleation on (N; T ;V) domain at T ¼ 0:67 "=k. The curves
at high-density region, V=N ¼ 30, 43.2, and 90 �3, are
plotted in the upper figure (a), and low-density in the low-
er (b). Circles, triangles, squares, diamonds, and crosses
are the MC results while the curves are the EOS.

Fig. 11. Thermodynamic properties of the cluster phase
that is derived from Ue

c and Pe
cV with Eqs. 2–4; (c) the

interaction entropy, (d) the interaction term of the Helm-
holtz free energy, and (e) one of the Gibbs free energy.

Fig. 13. The values of the critical nucleus in (N; T ;V) do-
main: (a) the size N�A and (b) the Helmholtz free energy
�A�.
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Gid ¼ Uid þ PidV � TSid ;

Uid ¼
3

2
NkT ; PidV ¼ NkT ;

Sid ¼
Uid

T
þ Nk ln q� k lnN!;

q ¼
V

�3
; � ¼

hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�mkT

p :

ð22Þ

Here the symbols q, �, h, and m indicate the molecular parti-
tion function, the thermal wavelength, Planck’s constant, and
the mass of the particle. We obtained the Sid with the LJ
parameters and the mass of argon molecule, as "=k ¼ 119:8
K, � ¼ 0:340 nm, and m ¼ 6:634� 10�26 kg. Volumes of the
cluster and the monomer phases, Vc and Vm, that present the
identical pressure P, are obtained from Eqs. 14 and 17 as:

P ¼
fm

ðVm=NÞ2
þ

kT

ðVm=NÞ
¼

fc þ kT

ðVc=NÞ
;

fm ¼
X2
i¼0

ciN
�i; fc ¼

X0
p¼�3

X4
q¼0

bpqN
pTq:

ð23Þ

The Vm=N and Vc=N at some pressures, 0.0127, 0.00679, and
0.00270 "=�3, are plotted in Fig. 14. In the case of
P ¼ 0:0679 "=�3, the Vm=N is roughly constant at 90 �3,
while the Vc=N changes from 90.6 �3 at N ¼ 2 to 10.4 �3 at
N ¼ 80. However, at a low temperature, ca. T < 0:4 "=k in
the case of P ¼ 0:00680 "=�3, the Vm=N values are not avail-
able: Vm=N is obtained from Eq. 23 by the quadratic formula,
yet the square root term, ðkTÞ2 þ 4fmP, becomes negative at
such low temperatures.

The above equations yield the Gibbs free energy of the
nucleation on (N; T ;P) domain with Eq. 6. Figure 15 shows
the �GðN; T ;PÞ, and Table 3 shows the components of
�GðN; T ;PÞ concretely. In the high-density (high-pressure)
region, Fig. 15(a), the�G curves are somewhat overestimated;

the value seems to have risen excessively at the large-N
region. On the other hand, the curves of the low-density
(low-pressure) region, Fig. 15(b), are lower than the curves
of �A on corresponding volumes per particle. This can be
explained as the following behavior of the components of �G

and �A:

�GðN; T ;PÞ ¼ �HGðN;T ;PÞ � T�SGðN; T ;PÞ

¼ �UGðN;T ;PÞ þ P�VGðN; T ;PÞ

� T�SGðN;T ;PÞ; ð24Þ

�AðN; T ;VÞ ¼ �UAðN;T ;VÞ � T�SAðN;T ;VÞ: ð25Þ

First, we compare the internal energy term of the Gibbs free

Table 3. Examples of the Concrete Values that Construct the Nucleation Energy at T ¼ 0:67 "=k, N ¼ 32, while P ¼ 0:0127, 0.00679,
and 0.00270 "=�3

P/("=�3) ðV=NÞ=�3 U=" S=k PV=" G="

cluster 4.34E+01
ideal 4.12E+01 5.09E+02 2.75E+01 �2.73E+02
interaction �1.05E+02 �1.45E+02 �2.29E+01 �3.07E+01

1.27E�02 monomer 1.04E+01
ideal 4.12E+01 5.80E+02 2.75E+01 �3.20E+02
interaction �4.62E+00 �3.33E+00 �2.39E+00 �4.77E+00

delta 3.29E+01
ideal 0.00E+00 �7.02E+01 0.00E+00 4.70E+01
interaction �1.00E+02 �1.41E+02 �2.06E+01 �2.60E+01

cluster 9.01E+01
ideal 4.72E+01 5.80E+02 3.15E+01 �3.10E+02
interaction �1.27E+02 �1.70E+02 �2.68E+01 �4.03E+01

6.79E�03 monomer 1.95E+01
ideal 4.72E+01 6.65E+02 3.15E+01 �3.67E+02
interaction �5.32E+00 �3.84E+00 �2.75E+00 �5.49E+00

delta 7.07E+01
ideal 0.00E+00 �8.50E+01 0.00E+00 5.69E+01
interaction �1.22E+02 �1.66E+02 �2.40E+01 �3.48E+01

cluster 2.40E+02
ideal 3.22E+01 4.32E+02 2.14E+01 �2.36E+02
interaction �7.27E+01 �1.29E+02 �1.72E+01 �3.58E+00

2.70E�03 monomer 4.90E+01
ideal 3.22E+01 4.83E+02 2.14E+01 �2.70E+02
interaction �1.34E+00 �9.66E�01 �6.94E�01 �1.39E+00

delta 1.91E+02
ideal 0.00E+00 �5.09E+01 0.00E+00 3.41E+01
interaction �7.14E+01 �1.28E+02 �1.65E+01 �2.19E+00

Fig. 14. Volumes per particle of the monomer and cluster
phase at T ¼ 0:67 "=k; that are obtained from Eq. 23. The
pressure in LJ reduced units corresponds as 1 "=�3 = 41.9
MPa in the case of argon. The arrow indicates a minimum
of the simulated volume per particle as 30 �3; the volumes
per particle of the cluster phase (dashed curves) are ex-
trapolated at the figured pressures.

Y. Yamada et al. Bull. Chem. Soc. Jpn., 76, No. 7 (2003) 1335



energy of the nucleation �UGðN;T ;PÞ and the one of the
Helmholtz free energy �UAðN; T ;VmÞ as:

�UGðN; T ;PÞ ¼ fUe
c ðN;TÞ � Ue

mðN;VmÞg
þ fUid

c ðN; TÞ � Uid
m ðN;TÞg;

�UAðN; T ;VmÞ ¼ Ue
c ðN;TÞ � Ue

mðN;VmÞ;
ð26Þ

where the volume Vm gives the constant pressure P. The ideal
gas term and the approximated function for the cluster phase
have no dependence on volume per particle, as seen in Eqs. 22
and 16. Therefore, the internal energy terms of �UG and �UA

are identical, irrespective of the volume per particle of the
cluster phase. Secondly, the entropy terms, �SGðN;T ;PÞ
and �SAðN; T ;VmÞ, are related in detail as:

�SGðN; T ;PÞ ¼ fSecðN;T ;VcÞ � SemðN;T ;VmÞg

þ fSidc ðN; T ;VcÞ � SidmðN;T ;VmÞg;

SecðN;T ;VcÞ ¼
EOSU

e
mðN;VcÞ � ZA

e
mðN;VcÞ

T

þ fEOSSecðN;TÞ � EOSS
e
mðN;VcÞg;

SemðN;T ;VmÞ ¼
EOSU

e
mðN;VmÞ � ZA

e
mðN;VmÞ

T
; ð27Þ

Sidc ðN; T ;VcÞ � SidmðN; T ;VmÞ

¼ Nk ln
Vc

�3
� ln

Vm

�3

� �
¼ Nk ln

Vc

Vm

; and

�SAðN; T ;VmÞ ¼ EOSS
e
cðN;TÞ � EOSS

e
mðN;VmÞ:

The expressions can be rearranged by Eqs. 12, 13, and 19,

T�SGðN; T ;PÞ

¼ N
X

aiN
�i �

X
ciN

�i
n o

fN=Vc � N=Vmg

þ TEOSS
e
cðN; TÞ � NT

X
biN

�i þ k lnðVc=NÞ
n o

þ NkT lnðVc=VmÞ; and ð28Þ

T�SAðN; T ;VmÞ

¼ TEOSS
e
cðN; TÞ � NT

X
biN

�i þ k lnðVm=NÞ
n o

:

Their difference is

T�SGðN; T ;PÞ � T�SAðN;T ;VmÞ

¼ N
X

aiN
�i �

X
ciN

�i
n o

fN=Vc � N=Vmg: ð29Þ

This explains the contribution of the entropy term toward the
difference between �GðN; T ;PÞ and �AðN; T ;VmÞ. The den-
sity term of Eq. 29, N=Vc � N=Vm, is nearly in proportion to
the pressure, i.e., becomes larger in the smaller Vm=N system
as in Fig. 16. In the case of high-pressure and small-Vm=N
system, the density of the cluster phase becomes somewhat
higher: Vc=N � 4:3 �3 at P ¼ 0:0165 "=�3, N ¼ 80, and T ¼
0:67 "=k. From the MC results of Vc=N ¼ 30 up to 1000 �3,
we assumed that the thermodynamic properties of the cluster
phase, Ue

c , S
e
c, and Pe

cVc, do not depend on the density such as
Eqs. 16 and 17. However, it is not guaranteed that the ther-
modynamic properties of the cluster phase are constant against
the density in the high-density region as Vc=N < 30 �3, and
the EOS would extrapolate the Vc=N in the high-density
region. Possibly, in the high-density region, the density de-
pendence that we neglected becomes remarkable; therefore the
EOS would overestimate the �G. On the contrary, in the low-
pressure/low-density region, the EOS of �G is consistent with
that of �A because the extrapolation is not remarkable. Figure
17 shows the behavior of the components of the nucleation
energy: �UGðN;T ;PÞ, P�VGðN;T ;PÞ, and T�SGðN;T ;PÞ of
the �G, besides �UAðN;T ;VÞ and T�SAðN;T ;VÞ of the �A.

Fig. 16. Pressure dependence of the density term of the
contribution of the entropy term toward the difference be-
tween �GðN; T ;PÞ and �AðN; T ;VmÞ. When the pressure
becomes lower (Vm=N larger), the density term and Eq. 29
become smaller.

Fig. 15. Gibbs free energy of the homogeneous nucleation
on (N; T ;P) domain. The contribution of the ideal gas
term is taken into consideration of the �G estimation.
The volumes per particle of the monomer phase are mostly
close to the figured values at the each maximum.
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The effect of the extrapolation in high-pressure/high-density
region as in fiuure (a) is much larger than the effect in low-
pressure/low-density region as in (b); the deviation of the
T�SG term raises the �G as in figure (a).

Here, we consider the reason why the �G curve obtains a
maximum against the number of particles. The �G can be
divided into the enthalpy term and the entropy term as in Eq.
24, and can be divided into the ideal gas term and the inter-
action term as �G ¼ �Gid þ�Ge. The components are plot-
ted in Fig. 18. In the small-N region, the enthalpy term or the

interaction term (solid curves) is higher than the entropy term
or the ideal gas term (dashed curves), and the slope of the
former is less than that of the latter. Therefore, the �G has
a positive value and increases against the number of particles
for a while. However, after all, the enthalpy term or the inter-
action term overtakes the entropy term or the ideal gas term
due to increase of the slope of the solid curves. Accordingly,
the �G has a maximum as in Fig. 15. The values of the
critical nucleus, the size N�G and the nucleation energy �G�,
are plotted in Fig. 19 as a function of temperature.

Comparison with Classical Theory and Other
Simulations. According to the classical nucleation theory,16

the free energy of nucleation is expressed as

�G ¼ �As þ�gV : ð30Þ

Here the first term relates to surface contributions: � is surface
tension and As surface area of the cluster. The second term
relates to bulk contributions: �g is the free energy change per
unit volume between the bulk liquid and bulk vapor phases,
and V is the volume of the cluster. When the shape of cluster
is spherical, As and V are obtained from the radius of the
cluster r as As ¼ 4pr2 and V ¼ ð4=3Þpr3. The free energy
change �g is obtained as �g ¼ ��lkT ln S, where
S ¼ ð�=�satÞ is the supersaturation ratio of the vapor phase,
while �l, �, and �sat are the densities of the bulk liquid, the
supersaturated vapor and the saturated vapor. The number of
particles of the cluster is expressed as N ¼ �lV . Such relations
allow Eq. 30 to be rearranged as a function of N, T , and S:

�G ¼ 4p�
3N

4��l

� �2=3

�NkT ln S; ð31Þ

Fig. 18. Components of �G; �H and T�S, �Gid and �Ge

at P ¼ 0:00270 "=�3, T ¼ 0:67 "=k. The ideal gas term is
plotted as ��Gid .

Fig. 19. The values of the critical nucleus in (N; T ;P) do-
main: (a) the size N�G and (b) the Gibbs free energy �G�.
As we stated in the text, the both N�G and �G� are over-
estimated at the high-pressure system.

Fig. 17. Components of �G and �A. In the high-pressure
system (a), the difference T�SG � T�SA becomes re-
markable with the increase of N, which negates the nega-
tive contribution of the P�VG and raises the �G. On the
other hand, the low-pressure (b), the difference between
the entropy terms becomes smaller, therefore the differ-
ence �G��A is almost occupied by the P�VG contri-
bution and the �G becomes lower than the �A.
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where � ¼ 1:03 "=�2, �l ¼ 0:82 ��3, and �sat ¼ 0:00161 ��3

at T ¼ 0:67 "=k.5 We compared the EOS and the classical
theory in Fig. 20. The classical theory overestimates the free
energy of the critical nucleus �G�, and underestimates the
size of the critical nucleus N�G ; these have been reported as
computational and experimental results.17;18 Though the EOS
also overestimates both �G� and N�G , the values seem to be
consistent with the inclination of the classical theory.

The nucleation free energy and the size of the critical nu-
cleus are obtained from Eq. 31 as

�G� ¼
16p�3

3ð�lkT ln SÞ2
; ð32Þ

N�G ¼
32p�3

3�2
l ðkT ln SÞ3

: ð33Þ

Oh and Zeng estimated the N�G and �G� of LJ system by MC
simulations of the nucleation in a large system in which they
set an upper limit of the size of cluster.5 Yasuoka and
Matsumoto performed molecular dynamics simulations for
the nucleation of LJ system, and also obtained the N�G and
�G�.1 Figure 21 shows the comparison between the results
of the EOS and the other simulations. As we stated above,
since the EOS overestimates the �G in the high-density region
by the effect of the extrapolation of the Vc=N, the reliability of
the EOS is low in the high-density region. Yet, it can be
expected that the EOS will give a suitable prediction except
for the region where the N� and the �G� rise against density
increase, ca. Vm=N < 60 �3.

In the classical theory, Eq. 30, the �G gives a maximum
against the cluster size due to competition between the surface
and the bulk contributions. The classical theory is a prediction
from the macroscopic phenomenology. On the other hand, in
the EOS from the microscopic MC simulations, the maximum
is obtained from the competing between the enthalpy and the
entropy term or the interaction and the ideal gas term, as stated
above. The model proposed in this study daringly simplified
the N-particle nucleation as monomer-cluster transition in an
N-particle system. Still the model gave the maximum values
of �G (and �A) near to the prediction of the classical theory,
and was qualitatively consistent with the classical theory. The
agreement suggests that, though more examinations are re-

quired, the model is available to predict the nucleation energy.

Conclusion

We carried out Monte Carlo simulations for homogeneous
nucleation in supersaturated Lennard-Jones vapor phase to es-
timate the free energy of the nucleation. The nucleation en-
ergy is obtained as the differences between the free energies of
cluster and monomer phases. The free energies of each phase
are obtained independently. During the simulation for the
cluster phase, we adopted Stillinger’s cluster criterion to re-
strict all the particles of the system as a unified cluster over the
whole range of simulated temperature. On the other hand, we
got the monomer phase as the decomposed cluster by heating
calculation, and used the thermodynamic properties of the
monomer phase at the high temperature as those for the whole
range of temperature. We set the number of particles at 2–80
and the volume per particle 30–1000 �3; MC simulations are
performed on 128 states.

The obtained MC results were arranged as an equation of
state of Helmholtz free energy of the nucleation that depends
on the number of particles, temperature, and volume per
particle. The approximation was performed by the least-
squares fitting. Moreover, we rearranged the EOS for the
Gibbs free energy �G as a function of the number of particles,
temperature, and pressure. The EOS for �G overestimated the
nucleation energy in the fairly high-supersaturated region, yet,
except for that region, the EOS predicts �G adequately as
regards tendency.
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Fig. 21. Comparison with other simulations in the values of
the critical nucleus at T ¼ 0:67 "=k. The triangles and
circles are the results from other simulations.1;5 The pre-
diction of the classical theory is also plotted.

Fig. 20. Comparison between the EOS and the classical
theory at T ¼ 0:67 "=k. The former is plotted as solid
curves, and the latter dashed curves.
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